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The question of the origin of the present accelerated expansion of the Universe is still pending.
By means of the present geometrical and dynamical observational data, it is very hard to establish,
from a statistical perspective, a clear preference among the vast majority of the proposed models
for the dynamical dark energy and/or modified gravity theories alternative with respect to the
ΛCDM scenario. On the other hand, on scales much smaller than present Hubble scale, there are
possibly detectable differences in the growth of the matter perturbations for different modes of the
perturbations, even in the context of the ΛCDM model. In view of the new planned observations,
that will give insight into the perturbations of the dark sector, this issue is being worth of further
investigation. Here, we analyze the evolution of the dark matter perturbations in the context of
ΛCDM and some dynamical dark energy models involving future cosmological singularities, such as
the sudden future singularity and the finite scale factor singularity. We employ the scale-dependent
perturbation equations for the growth function, and we abandon both the sub-Hubble approximation
and the slowly varying potential assumption, which lead to the well known and most commonly used
scale independent solutions for the perturbations. We apply the Fisher Matrix approach to three
future planned galaxy surveys e.g., DESI, Euclid, and WFirst-2.4, in order to have insights on the
possibility to confute cosmological models through perturbations growth data in the next future.
With the mentioned surveys on hand, only with the dynamical probes, we will achieve multiple
goals: 1. the improvement in the accuracy of the determination of the fσ8 will give the possibility
to discriminate between the ΛCDM and the alternative dark energy models even in the scale-
independent approach; 2. it will be possible to test the goodness of the scale-independence finally,
and also to quantify the necessity of a scale dependent approach to the growth of the perturbations,
in particular using surveys, which encompass redshift bins with scales k < 0.005 h Mpc−1; 3. the
scale-dependence itself might add much more discriminating power in general, but further advanced
surveys will be needed.
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2I. INTRODUCTION
Current observations on cosmological scales, like the measurements of the luminosity distance with the Type Ia
Supernovae (SNeIa) [1–4], the clustering scale of galaxies by detection of the baryon acoustic oscillations (BAO) [5–7],
and the scaled distances to the last scattering surface (R, la) [8–10], are all geometrical probes. While, on one hand,
they have helped to state the existence of dark energy, are useful probes to quantify the dark energy amount, and give
information about the background expansion history (H(z)) [11–13], on the other hand, they have also revealed to
be quite unable to gain some more deep insight into the nature of dark energy. In fact, with the geometrical probes,
we are unable to distinguish, in the context of general relativity, among models for which the accelerated expansion
is driven by a cosmological constant (ΛCDM scenario) or a dynamical fluid; or, in a more general theoretical context,
to discriminate between general relativity and other possible modified gravity theories.
Other types of complementary tests are the dynamical probes, which allow to probe the growth of the matter
perturbations. The data up to now do not provide very restrictive constraints onto many cosmological parameters,
and for many of the models which are currently on the market (see, for example, [14–16] and references therein);
but the combination of geometrical probes and the density contrast δm(z) = δρm(z)/ρm(z) give much more power to
differentiate between the dark energy and the modified gravity models (such as f(R) models and Gvali-Gabadadze-
Porrati (DGP) model), and the ΛCDM [17–20] than geometrical or dynamical probes alone. The lack of a firm
explanation of the origin of the present universe accelerated expansion led to the formulation of different scenarios
of modified gravity models or dynamical dark energy models among which, within general relativity, some foresaw
different types of singularities in a finite future time. In this latter field, models describing a Big-Rip (BR), a Sudden
Future Singularity (SFS), also known as Type II singularities [21–24], a Generalized Sudden Future Singularity (GSFS),
a Finite Scale Factor Singularity (FSF), also known as Type III singularities [24, 25], a Big-Separation Singularity
(BS) [24, 26] and w-singularities [27] gained some attention among cosmologists.
Here, we will deal with the possibility of testing observationally, constraining, differentiating and hopefully falsifying
some of those scenarios using forthcoming data from planned surveys which intend to give constraints onto the growth
function [28]. Future galaxy surveys like DESI1 [29], Euclid2 [30–33] and WFirst-2.4 3 [34] should be potentially able
to discriminate between the cosmological constant and evolving dark energy scenarios. The forthcoming observations
of the cosmic background radiation in the microwave to far-infrared bands in the polarization and the amplitude,
as the Polarized Radiation and Imaging Spectroscopy (PRISM) [35] and the very high precision measurements of
the polarization of the microwave sky by the Cosmic Origins Explorer (CoRE) satellite [36], should also improve the
constraints onto the dark sector [37, 38], and help to further settle this topic.
In this work we go beyond the scale-independent approximation for the equation for the matter density evolution,
which is nowadays most commonly applied, and consider the full set of the scale dependent equations. We show
how the sensitivity reached by the considered future surveys will be able to give a first and maybe definitive answer
about the validity of the scale-independent approach. Moreover, we show that it will be possible to discriminate
between different models of dynamical dark energy, which foresee different kinds of singularities in the course of the
evolution of the universe to appear. The evolution of the linear density perturbations for FSFS, Big Rip, SFS, FSFS
and Pseudo-Rip was a subject of some previous works [39–41] (similar analysis for other singularity models are also
in [16]).
In the following Sec. II we introduce the background equations, and the perturbed Einstein equations in the
Newtonian frame, which are later translated into the Synchronous gauge [42] for the purpose of making the comparison
of the derived power spectra with the surveys of concern. In Sec. III we give a short description of the dynamical
dark energy models with the SFS and the FSFS. In Sec. IV we describe in detail the Fisher Matrix approach we
have applied to the selected future galaxy surveys. Finally, in Sec. V, we describe the results for the dark matter
perturbation evolution and the growth function, in ΛCDM and in models with singularities, for different scales of the
perturbation modes and for different surveys.
II. SCALE DEPENDENT GROWTH FUNCTION
The growth function is a useful tool, as a probe of the dynamics of the universe expansion; it is often quantified
through the growth rate f defined as
f(a) ≡
d ln δm(a)
d ln a
, (II.1)
1 http://desi.lbl.gov/
2 http://sci.esa.int/euclid/
3 http://wfirst.gsfc.nasa.gov/.
3which is, on turn, parameterized by the expression:
f(a) = Ωm(a)
γ , (II.2)
where a is the scale factor, γ is the growth index, and Ωm(a) the dimensionless matter density parameter function:
Ωm(a) ≡
H20Ωm,0a
−3
H(a)2
, (II.3)
with Ωm,0 the dimensionless matter density parameter today, H(a) = a˙/a the expansion rate and H0 the Hubble
constant (expansion rate today). This parametrization is an approximation to the scale independent solution of the
equation for the growth rate [43, 44]:
f ′ + f2 + f
(
H˙
H2
+ 2
)
=
3
2
Ωm, (II.4)
where ′ ≡ dd ln a , which is obtained from the density contrast evolution equation:
δ¨m + 2Hδ˙m − 4πGρmδm = 0, (II.5)
with the change of the variable from the time t to the scale factor ln a, where an overdot denotes the derivative with
respect to the time and ρm is the matter density. It was found that γ = 6/11 for the ΛCDM [19, 45, 46], and its best
observational determination is 0.665± 0.0669 in [47]. For dark energy models with a slowly varying equation of state,
the solution is well approximated by Eq. (II.2) with
γ =
3(w0 − 1)
6w0 − 5
, (II.6)
where w0 ≡ w(a) = p/ρ is the dark energy equation of state (for ΛCDM, w0 = −1). It has been shown, that for
slowly varying dark energy models, the γ index is not strongly time dependent and if it varies, it does only at a few
percent level [44, 48]. For modified gravity models, this is not longer the case. The γ may vary and for the well known
case of the DGP model, for example, γ ≃ 0.68 and a better approximation to the solution of the full set of equations
Eqs. (II.10) - (II.12) is obtained, when the redshift dependence is taken into account. Various parameterizations for
the growth index have been proposed in [19, 20, 49–51].
Having in mind the forthcoming data for the growth of the perturbations and their improved accuracy, it seems
natural to start question if one should not be careful while using the scale independent approximation during the
derivation of Eq. (II.5) [15]. In fact, it has been found [43, 44, 48], that the exact solution for the full set of the scale-
dependent equations shows a scale dependence on scales larger than 100 h−1 Mpc for the ΛCDM. It has been argued,
that the scale invariant approximation breaks down because the sub-Hubble scale assumption for the perturbation
modes is used and this one might break down already for scales around 200 h−1 Mpc in the early stages, no matter
that recently the Hubble scale is around 3000 h−1 Mpc. Actually, this is the case for the ΛCDM and the singularity
scenarios which are considered in this work [41, 43, 44, 48]. It was also shown in [41], that the models of dynamical
dark energy with singularities differ with respect to the mode wave-number, for which the amplitude of the dark
energy perturbation is of the order of the dark matter perturbation amplitude. It is important to have in mind, that
in the most general case in each model there exist limiting wavelength, for which the perturbations in the dark energy
couple with the dark matter perturbations and can not be ignored. The two models we have considered here are,
of course, two very limited cases of a more general picture. In fact, while for quintessence models the perturbations
in the dark energy can play a significant role only on scales comparable to Hubble scale, for models for which the
scalar field is not canonical, or for dynamical dark energy models in which dark energy speed of sound is cs << 1,
the perturbations in dark energy can grow as perturbations in the dark matter for even smaller scales [41, 52–54].
In this work we consider dark matter perturbations solely. In order to test the scale dependent approximation
in the singular models in the view of the new forthcoming data, we defy the assumption of the sub-Hubble scale of
the perturbation modes. We consider the scale dependent solution to the full set of the perturbation equations, for
both the FSFS and SFS models, and we compare them with the ΛCDM as a reference model with the same general
assumptions.
The perturbed metric in the Newtonian gauge, with the assumption of the lack of the anisotropic stress, takes the
form:
ds2 = −(1 + 2Φ)dt2 + (1− 2Φ)a2γijdx
idxj , (II.7)
4where γij is the spatial part of the metric and Φ is the Newtonian potential. With the assumption that the universe is
flat and filled only with pressureless, non-relativistic dark matter, ρm, and an exotic fluid (which we call dark energy)
with energy density ρde, the evolution is governed by the background Friedmann equations:
H2 =
8πG
3
(ρm + ρde), (II.8)
ρ˙ = −3H(ρ+ p) (II.9)
and by the perturbed up to linear order Einstein equations in Newtonian gauge, which finally altogether result in the
set of equations:
Φ¨ = −4HΦ˙ + 8πGρdewdeΦ, (II.10)
δ˙ = 3Φ˙ +
k2
a2
vf , (II.11)
v˙f = −Φ, (II.12)
with the following constraint equations:
3H(HΦ+ Φ˙) +
k2
a2
Φ = −4πGδρm, (II.13)
(HΦ+ Φ˙) = −4πGρmvf . (II.14)
Here vf = −v a, and v is the velocity potential for the dark matter; k is the wavenumber. With the sub-Hubble
approximation k2/a2 >> H2 and a slowly varying gravitational potential one obtains the scale independent equa-
tion for the matter density contrast evolution, Eq. (II.5). When the sub-Hubble approximation is relaxed and the
approximation of a slowly varying Newtonian potential is hold one gets the scale dependent evolution for the δm in
the following form [44, 48]:
δ¨m + 2Hδ˙m −
4πGρmδm
1 + ξ(a, k)
= 0, (II.15)
where
ξ(a, k) =
3a2H(a)2
k2
. (II.16)
Eq. (II.15) may be expressed in terms of the growth factor, f = d ln δmd lna as
f ′ + f2 +
(
2−
3
2
Ωm(a)
)
f =
3
2
Ωm(a)
1 + ξ(a, k)
, (II.17)
where ′ ≡ dd ln a and assuming ΛCDM for H(a). The approximate solution to Eq. (II.17) can be parameterized as
following:
f(k, a) =
Ωm(a)
γ
1 +
3H2
0
Ωm,0
ak2
. (II.18)
For the sub-Hubble scales ξ(k, a)→ 0, and Eq. (II.17) reduces to Eq. (II.4), for which the solution is well approximated
by Eq. (II.2) with the γ = 6
11
. It has been shown [44, 48] that Eq. (II.15) provides a better approximation to the full
general relativistic system Eqs. (II.10) - (II.12) up to the horizon scales, while for larger scales one can not ignore the
change in the time of the potential, Φ.
Anyway, it is important to stress, that in this work we will not use any of the two above approximations, i.e., we
will not assume nor the sub-Hubble nor slowly varying potential approximation.
III. FSFS AND SFS AS THE DYNAMICAL DARK ENERGY CANDIDATES
The SFS and FSFS show up within the framework of the Einstein-Friedmann cosmology governed by the standard
field equations, Eqs. (II.8), and the energy-momentum conservation law, Eq. (II.9). We get the SFS and FSFS
scenarios with the scale factor in the following form:
a(t) = as
[
b + (1− b)
(
t
ts
)m
− b
(
1−
t
ts
)n]
. (III.1)
5An appropriate choice of the constants (b, ts, as,m, n) is necessary [21, 55]. For both cases, the SFS as well as the
FSFS model, the evolution starts with the standard big-bang singularity at t = 0 (a = 0), and evolves to an exotic
singularity for t = ts, where a = as ≡ a(ts) is a constant. Accelerated expansion in an SFS universe is assured with
a negative b, while for a FSFS universe b has to be positive. In order to have the SFS, n has to be within the range
1 < n < 2; while for an FSFS, n has to obey the condition 0 < n < 1. For the SFS at t = ts, a → as, ̺ → ̺s =
const., p → ∞; while for an FSFS the energy density ρ also diverges and one has: for t → ts, a → as, ρ → ∞, and
p→∞, where as, ts, are constants and as 6= 0. In both scenarios the non-relativistic matter scales as a
−3, i.e.
ρm = Ωm,0ρ0
(a0
a
)3
, (III.2)
and the evolution of the exotic (dark energy) fluid ρde, can be determined by taking the difference between the total
energy density ρ, and the energy density of the non-relativistic matter, i.e.
ρde = ρ− ρm . (III.3)
In those scenarios the dark energy component is also responsible for the exotic singularity at t→ ts. The dimensionless
energy densities are defined in a standard way as
Ωm =
ρm
ρ
, Ωde =
ρde
ρ
. (III.4)
For the dimensionless exotic dark energy density we have the following expression
Ωde = 1− Ωm,0
H20
H2(t)
(
a0
a(t)
)3
= 1− Ωm. (III.5)
The barotropic index of the equation of state for the dark energy is defined as
wde = pde/ρde. (III.6)
The singularity scenarios considered in this work were also tested as candidates for dynamical fine structure cosmology
[56]. In that approach, the dark energy is sourced by a scalar field which couples to the electromagnetic sector of the
theory; the knowledge about the effective evolution of the dark energy density and the dark energy equation of state
evolution, is sufficient to estimate the resulting fine structure evolution.
IV. FORECAST
In order to explore the forecast power for future galaxy surveys, we employ the Fisher Matrix approach to calculate
the expected errors on the observational quantity fσ8.
A. Fiducial cosmological background
First, we have to state the values for the main cosmological parameters, which characterize the fiducial cosmology,
at which the Fisher Matrix elements are calculated. We have chosen the Planck baseline ΛCDM model 2.71 from the
Planck Legacy Archive4 and reported its parameters in Table I.
Ωch
2 Ωbh
2 Ωk h w ns r ln(As10
−9) τ zre Ωνh
2 Neff YHe σ8,0
0.11865 0.022307 0 0.67783 −1 0.96722 0 2.14666 0.0677 8.99 0.00065 3.046 0.246692 0.8163
Table I. Fiducial cosmological model. Note that the value of σ8 is calculated by CAMB once the other parameters are given.
4 https://wiki.cosmos.esa.int/planckpla2015/images/f/f7/Baseline_params_table_2015_limit68.pdf
6Other useful cosmological quantities, which are needed to both solve Eqs. (II.10) - (II.14) and calculate the Fisher
Matrices require the Hubble function:
H2(a) = H20
[
Ωm,0a
−3 +Ωka
−2 + (1− Ωm,0 − Ωk)
]
, (IV.1)
where Ωk = k
2/H20 is the spatial curvature parameter, and H0 = 100 h is the Hubble constant. For distances and
volumes we follow the notation in [57].
The matter density contrast is obtained by solving the differential equations Eqs. (II.10) - (II.11) - (II.12) with
constraints given by Eqs. (II.13) - (II.14). We stress again that no sub-Hubble approximation and no slowly varying
potential condition is applied to the above equations in this work. The matter density contrast δm is normalized at
a = 1. Note also that Eqs. (II.10) - (II.11) - (II.12) are in Newtonian gauge so, in order to use properly the matter
density contrast in the calculation of the power spectrum, once we solve them, we translate the matter density contrast
to the Synchronous gauge by using [58–60]
δSm(k, a) = δm(k, a)− 3
aH(a)
k
v(k, a) (IV.2)
where, of course, the suffix S refers to the Synchronous gauge quantity, and δm is the solution in the Newtonian gauge.
Once we have δSm(k, a), we calculate the other useful quantities, i.e. the amplitude of the (linear) power spectrum on
the scale of 8h−1 Mpc:
σ8(k, a) = σ8,0δ
S
m(k, a) , (IV.3)
where the suffix “0” means evaluated at present time (z = 0 or a = 1); and the linear growth rate
f(k, a) =
d ln δSm(k, a)
d ln a
, fs(k, a) = f(k, a)σ8(k, a) . (IV.4)
The theoretical linear matter power spectrum is calculated using CAMB5 [58, 61–63] outputs for the transfer function
T 6 expressed, incidentally, in the Synchronous gauge:
PL(k, a) = As
(
k
kpiv
)ns
T (k)2
(
δSm(k, a)
δSm(k, 1)
)2
, (IV.5)
where the pivot scale kpiv is 0.05 Mpc
−1, and As is from the fiducial cosmology.
B. Defining the survey
We have chosen to focus on three different future galaxy surveys: DESI, Euclid and WFirst-2.4. For each survey
we specify: the redshift range and the bin width, where the galaxy correlation is measured; the total area (in square
degrees); the galaxy bias bg and the redshift errors for each galaxy type used as mass tracer; the galaxy number
density, generally expressed as dN/dzdA, i.e., as the number of galaxies observed per redshift bin and per square
degree; the systematic shot noise, defined as Pshot(z) = 1/n(z). Most of these specifications are given in Table II,
galaxy number densities are taken from [64]. Note that the galaxy bias function is generally derived in a context in
which both the sub-Hubble and the slowly varying potential approximations are assumed. Thus, in order to be able
to properly use such galaxy bias functions, we consider the limit k →∞ of our solutions, which, as stated above, are
calculated without any of the former assumptions, and only in this limit are equal to the standard scale-independent
results.
5 http://camb.info/
6 We assume that such transfer functions are unchanged also for the singularity models which we consider. Given that singularity should
occur in a very late future, and that early evolution is insensitive to it, such assumption is generally very reasonable.
7(zmin, zmax) ∆z Asurv σz bg k
bin
max k
bin
min k
survey
min
(sq. deg.) (h Mpc−1) (h Mpc−1) (h Mpc−1)
DESI (0.1, 1.9) 0.1 14000 0.001 (1 + z)
ELG: 0.76 δm(∞,z)
δm(∞,0)
1.0 · 10−2 3.6 · 10−3 1.6 · 10−3LRG: 1.7 δm(∞,z)
δm(∞,0)
QSO: 1.2 δm(∞,z)
δm(∞,0)
Euclid (0.65, 2.05) 0.1 15000 0.001 (1 + z) 0.76 δm(∞,z)
δm(∞,0)
4.4 · 10−3 3.5 · 10−3 1.5 · 10−3
WFirst-2.4 (1., 2.8) 0.1 2000 0.001 (1 + z) 0.76 δm(∞,z)
δm(∞,0)
7.6 · 10−3 6.7 · 10−3 2.6 · 10−3
Table II. Surveys specifications. Column 1: name of the survey; column 2: redshift range; column 3: redshift bin width; column
4: survey area in sq. deg.; column 5: redshift error; column 6: galaxy bias functions; kbinmax: largest wavenumber (smallest
wavelength) from single bin volumes; kbinmin: smallest wavenumber (largest wavelength) from single bin volumes; k
survey
min : smallest
wavenumber (largest wavelength) from total survey volume.
C. Fisher Matrix calculation
For the last step in the calculation of the Fisher Matrices elements, we need to define the non linear matter power
spectrum. In a standard scale-independent context, it would have been defined, as usual, as:
PNL(k, z, µ) =
(
bs(k, z) + fs(k, z)µ
2
)2 PL(k, z = 0)
σ28,0
, (IV.6)
where: PL is the linear matter power spectrum calculated by CAMB; bs(k, z) = bg(z)σ8(k, z); and µ =
−→
k ·−→r
r is the
cosine of the angle of the wavenumber
−→
k with respect to the line-of-sight direction. But in this work, where we aim to
highlight possible scale-dependence of the matter power spectrum, we will use a much more general expression, which
should take into account for possible scale-dependence effects when approaching higher scales (i.e. smaller wavelength
k). Following [59], the non linear matter power spectrum will be defined as:
PNL(k, z, µ) =
[(
bs(k, z) + fs(k, z)µ
2
)2
+ 2
(
bs(k, z) + fs(k, z)µ
2
) As
x2
+
A2s
x4
+ µ2
B2s
x2
]
PL(k, z = 0)
σ28,0
, (IV.7)
where
x =
k
aH(a)
; (IV.8)
As(k, a) = σ8,0A(k, a);
A(k, a) =
3
2
Ωm
[
be
(
1−
2
3
f(k, a)
Ωm,0
)
+ 1 + 2
f(k, a)
Ωm,0
+ C(a)− f(k, a)− 2Q(a)
]
;
Bs(k, a) = σ8,0B(k, a);
B(k, a) = f(k, a) [be(a) + C(a)− 1] ;
C(a) =
3
2
Ωm,0(a)−
1
aH(a)
2
DA(a)/a
[1−Q(a)]− 2Q(a);
be(a) =
d ln
(
a3ng(a)
)
d ln a
;
Q(a) = −
d lnn(> L, a)
d lnL
;
with ng the average galaxy density, which is given by each fiducial; and n(> L) is the cumulative luminosity function.
This latter quantity could be recovered, for each survey we have considered, by checking details of the simulations
which have been employed by each team, to obtain the nominal data discussed in the official papers. As we have
checked that its value has basically no influence on our results, we have simply decided to fix the function Q to zero.
Finally, we calculate the observed matter power spectrum as:
Pobs(k, z, µ) = PNL(k, z, µ) exp
[
−k2(1− µ2)Σ2⊥(z)− k
2µ2Σ2||(z)− k
2µ2Σ2z(z)
]
+ Pshot(z) , (IV.9)
8where the damping factors are needed to take into account the smearing due to non-linear structure formation [65]
along (Σ||) and across (Σ⊥) the line of sight, and due to redshift errors (Σz). Such damping factors are defined
following [64] as:
Σ⊥(z) = dp(z) · 9.4
[
σ8(∞, z)
0.9
]
1
h
, Σ||(z) = dp(z) · [1 + f(∞, z)] · Σ⊥(z) , Σz(z) =
c σz(z)
H(z)
, (IV.10)
where dp(z) is an interpolating function defined in [64] for the so-called “50%-reconstruction”, and σz are the redshift
errors. Note again that such functions are obtained in a context where the sub-Hubble and the slowly varying potential
approximations are applied; thus, in order to use them properly, we consider the limit k →∞ for our solutions.
The elements of the Fisher Matrices are related to the derivatives of the observed matter power spectrum with
respect to the variables of interest. We rewrite the non linear matter power spectrum considering the mapping from
the fiducial cosmology to the real unknown cosmological background:
PNL(k
fid
⊥ , k
fid
|| , z) = α
2
⊥(z)α||



bs(k, z) + fs(k, z)
(
k2,fid|| α
2
||
k2,fid|| α
2
|| + k
2,fid
⊥ α
2
⊥
)2
2
+ (IV.11)
2

bs(k, z) + fs(k, z)
(
k2,fid|| α
2
||
k2,fid|| α
2
|| + k
2,fid
⊥ α
2
⊥
)2 As
x2
+
A2s
x4
+
(
k2,fid|| α
2
||
k2,fid|| α
2
|| + k
2,fid
⊥ α
2
⊥
)2
B2s
x2


PL(k =
√
k2,fid|| α
2
|| + k
2,fid
⊥ α
2
⊥, z = 0)
σ28,0
,
where, following literature, we have defined:
α⊥(z) ≡
rfid⊥ (z)
r⊥(z)
=
DfidA (z)
DA(z)
, α||(z) ≡
rfid|| (z)
r||(z)
=
H(z)
Hfid(z)
. (IV.12)
We have also used the simple geometrical definitions:
k2 = k2|| + k
2
⊥ , µ
2 =
k2||
k2
, (IV.13)
and the transformation rules:
k⊥ = k
fid
⊥ α⊥ , k|| = k
fid
|| α|| . (IV.14)
Given all these ingredients, a generic Fisher Matrix element, Fij , with i, j = 1, . . . , 5 (where 1 stands for α⊥, 2 for
α||, 3 for fs, 4 for bs and 5 for the shot noise Pshot), can be calculated as:
Fij(z) =
1
4π2
∫ 1
−1
dµ′
∫ kmax
kmin
dk′k′2
Veff (k
′, z, µ′)
2
d lnPobs(k
′, z, µ′)
dpi
d lnPobs(k
′, z, µ′)
dpj
(IV.15)
× exp
[
−k′2(1− µ′2)Σ2⊥(z)− k
′2µ′2Σ2||(z)− k
′2µ′2Σ2z(z)
]
,
where
kmin =
2π
V
1/3
survey
, kmax = 0.2 h , (IV.16)
and Vsurvey(z) is the volume spanned by each survey in each redshift bin. Then, we calculate all the involved quantities,
as the effective volume:
Veff (k, z, µ) = Vsurvey(z)
(
n(z)PNL(k, z, µ)
n(z)PNL(k, z, µ) + 1
)2
, (IV.17)
and the derivatives of the observed power spectrum with respect to al the variable we are interested. For sake of
clarity and completeness, the interested reader can find all the derivatives required for the calculation in the appendix
section.
9V. RESULTS AND CONCLUSIONS
Results from the Fisher Matrix approach are reported in Table III, in which we present the errors expected from
each reference survey case for the quantity related to the growth of the perturbations, which is actually measured from
a galaxy survey, i.e. fσ8. We present errors where no marginalization procedure on the Fisher Matrices is applied at
all, i.e. we are assuming a realistic control/knowledge of all the details involved in a galaxy survey.
In Fig. 1 we plot the fσ8 quantity, as a function of the redshift, which is obtained solving the full set of Eqs. (II.10) -
(II.12). Solid grey line presents the ΛCDM fiducial model in the standard scale-independent approach; dots, instead,
are also for the ΛCDM, but scale-dependent. Note, that each of the presented points has its own scale k, derived
from the size of each redshift bin. In Table II we only report the minimum (kbinmax) and the maximum (k
bin
min) bin
wavelength corresponding to each survey. Black points with errorbars represent the realistic error estimation from
our Fisher Matrix procedure. For the SFS (left panel) and the FSFS (right panel) scenarios, we have fixed the model
parameters at the values given in the caption of Fig. 1. Such values fulfil constraints given by the geometrical probes
only, i.e. SNeIa, BAO, CMB shift parameters and the Hubble data from passively evolving galaxies, as described in
[55, 66–69]. It is noteworthy to realize that the profiles which are shown in the figures, are from parameters which fit
only geometrical probes and not the dynamical ones. Thus, they will be surely changed when such data will be taken
into account (this issue will be dealt in a forthcoming work). For both models we only show the possible variability
range of data as the continuous lines: the orange line corresponds to the scale-dependent case with kbinmax; the blue
line corresponds to the scale-dependent case with kbinmin.
The first point to be addressed, is the way in which our forecast behave in the case of ΛCDM: both Euclid and DESI
will be able to discriminate between scale-independence and dependence in the redshift range [0.75, 1.65], even in the
pessimistic scenario for error estimations. Instead, W-First2.4 won’t be useful in this case. A visual inspection of the
DESI and Euclid surveys can also help us to discern what is the k-threshold (from bin volumes) where, approximately,
the scale-independent and the scale-dependent approaches start to be different: we have that for k & 0.005 h Mpc−1,
we cannot detect any significant deviation, while for lower k (i.e. larger scanned volumes/scales) we start to appreciate
a more clear difference. In view of the above fact, it is clear why, for example, in the plot for W-First2.4 we can
barely notice any discrepancy between the line for the scale-invariant and the scale-dependent ΛCDM data points:
due to the small survey area, the bin wavenumber k is always > 0.005 h Mpc−1 (see Table II). On the contrary, for
DESI, only low redshift bin will be more ambiguous, while higher redshift data will be much more straightforward.
Finally, Euclid will be optimal in this regard.
Comparing data from Table III with Fig. (15) of [70] we can also anticipate how significant will be the improvement
in the accuracy of the data for future surveys: present data, as in Fig. (15) of [70], span over a narrower redshift range
and exhibit a larger dispersion, and both of these issues might be alleviated by performing observations within one
single consistent survey. Moreover, the errors are ∼ 5 times larger than what is expected from the future surveys.
For what concerns the power to distinguish among a ΛCDM and a singularity model, things are more murky, at
least for one of the models we have chosen to work with. In fact, it is clear that the SFS model (left panel), as derived
from geometric probes, is clearly not consistent with present data for the growth rate. In Fig. (15) of [70], even
taking into account the large dispersion of the data, and their small displacement toward smaller values of fσ8 with
respect to the Planck ΛCDM cosmology, the data points are not distributed at values much lower than fσ8 ≈ 0.4.
In the left panel of our Fig.1, instead, the SFS model never exceeds this value. Thus, we can expect, for the SFS
model, a possible tension between the geometrical and the dynamical cosmological probes, but this will be topic for
a forthcoming paper. About the FSFS model (right panel), we can see how it is, in principle, compatible with the
data, and thus we expect not so large changes in its parameters even when taking into account dynamical probes.
Moreover, it will be easy to rebut (or not) this model from future surveys: all the considered surveys can discard it
at, at least, 3σ, in the intermediate redshift range [0.7, 1.7].
All these considerations “might be” far more interesting in the scale-dependent approach to the evolution of the
perturbations. The conditional is required in this case, because we can only infer a possible qualitative behaviour
from the analysis we have at our disposal now. Nevertheless, the following considerations could serve as a good guide
to set specifications of not yet planned surveys. Within this respect the case of DESI is very helpful. On one hand,
the related, upper orange line corresponds to k = 0.01 hMpc−1, which is clearly higher than the threshold k < 0.005 h
Mpc−1 that we have marked above and, thus, this line is practically equivalent to the scale invariant case. On the
other hand, the relevant, lower blue line corresponds to k = 0.0036 h Mpc−1, which lies below our threshold. Thus,
it corresponds to a regime in which, in the view of the size of the errors we have estimated, scale-dependence can
be set precisely. The conclusion we draw from the above is that, while in the scale-invariant case, we would have
observational data dispersed only around the orange line, thus making the discrimination between our models and the
ΛCDM hard in the low-redshift regime, and more effective only in the high-redshift one, in the scale-dependent case
we would have data dispersed in the region between the orange and the blue line which, thus, would exhibit a much
more clear-cut deviation from the scale-independent ΛCDM case. And things should go even better with surveys
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spanning larger volumes or, within the same surveys we have considered so far, if larger redshift bins are considered,
because in these cases we would reach values for k much lower than the found threshold. However, comparing left and
right panels, note also how the range span by the scale-dependent approach is not the same for each of the models we
have considered, as if they were more or less sensitive to the scale-dependence. Thus, a possible model-dependence
for it should also be taken into account.
In summary, in view of the new forthcoming data from galaxy surveys (not only by using BAO and redhisft space
distortions, but also weak lensing) and the observations of the polarization of the CMB like CoRE and PRISM, it will
be interesting to explore the details of the evolution of the perturbations in the dark sector. First, because having
data for the growth of the perturbations, for the bigger wavelengths, and for the whichever redshift, we might be
finally able to evaluate if worth to abandon the scale-invariant approach; second, because they will help to put more
stringent constrains onto the class of the dynamical dark energy models with the singularities, like the sudden future
singularity and the finite scale factor singularity scenarios, and any other dynamical dark energy or modified gravity
scenarios.
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Appendix A: Appendix: power spectrum derivatives
In order to calculate Fisher Matrices, we need to calculate the derivative of the power spectrum with respect to
some quantities. Here, we will list those we have used.
Derivative with respect to the shot noise:
d lnPobs(k, z, µ)
dPshot
=
1
Pobs
. (A.1)
Derivative with respect to the growth rate:
d lnPobs(k, z, µ)
dfs
=
1
Pobs
PL(k, z = 0)
σ28,0
× (A.2)
[
2µ2
(
bs + fsµ
2
)
+ 2µ2
As
x2
+
(
2
(
bs + fsµ
2
)
x2
+
2As
x4
)
dAs
dfs
+
2µ2Bs
x2
dBs
dfs
]
;
dAs(k, a)
dfs
=
3
2
Ωm,0
[
−
2
3
be(a)
Ωm,0
+
2
Ωm,0
− 1
]
;
dBs(k, a)
dfs
= be(a) + C(a)− 1.
Derivative with respect to the galaxy bias:
d lnPobs(k, z, µ)
dbs
=
1
Pobs
PL(k, z = 0)
σ28,0
[
2
(
bs(z) + fs(z)µ
2
)
+
2As
x2
]
. (A.3)
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Derivative with respect to the BAO observables:
d lnPobs
dα⊥
=
(
2
α⊥
+
d lnPL
dk
dk
dα⊥
)
PNL
Pobs
+ α2⊥α||
{
dµ2
dα⊥
× (A.4)[
2fs
(
bs + fsµ
2 +
As
x2
)
+
B2s
x2
]
+
[
2
(
bs + fsµ
2
)
x2
+
2As
x4
]
dAs
dα⊥
+
2µ2Bs
x2
dBs
dα⊥
+
[
−
4
(
bs + fsµ
2
)
As
x3
−
4As
x5
−
2µ2B2s
x3
]
dx
dα⊥
}
1
Pobs
PL(k, z = 0)
σ28,0
;
d lnPobs
dα||
=
(
1
α||
+
d lnPL
dk
dk
dα||
)
PNL
Pobs
+ α2⊥α||
{
dµ2
dα||
× (A.5)[
2fs
(
bs + fsµ
2 +
As
x2
)
+
B2s
x2
]
+
[
2
(
bs + fsµ
2
)
x2
+
2As
x4
]
dAs
dα||
+
2µ2Bs
x2
dBs
dα||
+
[
−
4
(
bs + fsµ
2
)
As
x3
−
4As
x5
−
2µ2B2s
x3
]
dx
dα||
}
1
Pobs
PL(k, z = 0)
σ28,0
;
where:
dAs
dα⊥
=
3
2
Ωm,0σ8,0
dC
dα⊥
; (A.6)
dAs
dα||
=
3
2
Ωm,0σ8,0
dC
dα||
;
dBs
dα⊥
= fs
dC
dα⊥
; (A.7)
dBs
dα||
= fs
dC
dα||
;
dC
dα⊥
= −
2 (1−Q)
α||
1
HDA
; (A.8)
dC
dα||
= −
3Ωm,0H
2
0a
−3
H2
1
α3||
+
2α⊥ (1−Q)
HDA
1
α2||
;
dx
dα⊥
=
c
aα||H
dk
dα⊥
; (A.9)
dx
dα||
=
c
aα||H
dk
dα||
−
kc
aH
1
α2||
;
dµ2
dα⊥
= −
2
α⊥
µ2(1− µ2); (A.10)
dµ2
dα||
=
2
α||
µ2(1− µ2);
dk
dα⊥
=
k
α⊥
(1 − µ2); (A.11)
dk
dα||
=
k
α||
µ2.
The derivatives of the linear power spectrum PL with respect to the wavenumber k are calculated numerically.
[1] A. G. Riess et al., AJ 116, 1009 (1998), astro-ph/9805201.
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DESI Euclid WFirst-2.4
z σfσ8 z σfσ8 z σfσ8
(%) (%) (%)
0.15 2.73 − − − −
0.25 1.92 − − − −
0.35 1.68 − − − −
0.45 1.55 − − − −
0.55 1.29 − − − −
0.65 1.06 − − − −
0.75 0.90 0.7 0.96 − −
0.85 0.85 0.8 0.79 − −
0.95 0.89 0.9 0.75 − −
1.05 0.90 1.0 0.72 1.05 1.53
1.15 0.89 1.1 0.71 1.15 1.47
1.25 0.90 1.2 0.71 1.25 1.42
1.35 0.98 1.3 0.72 1.35 1.38
1.45 1.14 1.4 0.75 1.45 1.35
1.55 1.48 1.5 0.81 1.55 1.34
1.65 2.53 1.6 0.91 1.65 1.35
1.75 4.52 1.7 1.11 1.75 1.37
1.85 5.63 1.8 1.14 1.85 1.40
− − 1.9 1.62 1.95 1.46
− − 2.0 2.32 2.05 2.21
− − − − 2.15 2.28
− − − − 2.25 2.39
− − − − 2.35 2.60
− − − − 2.45 2.86
− − − − 2.55 3.21
− − − − 2.65 3.67
− − − − 2.75 4.29
Table III. Fisher Matrix results. Percentage errors on fσ8 for the different surveys we have considered and described in the
text.
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Figure 1. The plots of the fσ8 for ΛCDM (grey line: scale-independent approach; black and grey points: scale-dependent
approach), the SFS (left panel) and the FSFS (right panel) scenarios for DESI, Euclid and W-First2.4, from the top to
the bottom respectively. Orange line is the scale-dependent solution assuming the smallest bin wavelength (kbinmax); blue line
corresponds to the scale-dependent solution assuming the largest bin wavelength (kbinmin), as given in Table II, for each survey.
The error bars for the ΛCDM are given in Table III. The values of the parameters for the models with the future singularity are
taken as for the SFS model: m = 0.749, n = 1.99, b = −0.45, y0 = 0.77, for the FSFS: m = 2/3, n = 0.7, b = 0.24, y0 = 0.96.
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